The complete algebraic structure of semisimple finite group algebra of a generalized strongly monomial group is provided. This work extends the work of Broche and del Río on strongly monomial groups. The theory is complimented by an algorithm and is illustrated with an example.
Introduction
Let F q be a finite field with q elements and G a finite group of order coprime to q. Let F q G be the group algebra of G over F q . During the last few years, lot of interest has been seen in understanding the primitive central idempotents and the Wedderburn decomposition of finite semisimple group algebra F q G, thus enabling coding theorist to determine the ideals of F q G which are precisely all the group codes (e.g., see [2] , [3] , [4] , [7] , [8] , [9] , [10] , [11] , [13] , [14] , [15] , [17] , [19] , [20] ).
If G is abelian, this problem has been dealt in series of papers by several authors. Moving further to non abelian groups, a major step was taken by Broche and del Río in [10] where they provided the description of primitive central idem- group. Recall that all abelian-by-supersolvable groups are strongly monomial and all strongly monomial groups are monomial. Recently, in [6] , we have defined generalized strongly monomial groups and proved that, beside strongly monomial groups, the class of generalized strongly monomial groups contain several important families of groups such as subnormally monomial groups (in particular Frobenius monomial groups) and solvable groups with all Sylow subgroups abelian extended by supersolvable groups. In this paper,
we extend the work of Broche and del Río [10] to generalized strongly monomial groups. In section 2, we show (Theorem 1) that if (H, K) is a generalized strong Shoda pair of G and C is a q-cyclotomic class of Irr(H/K) which contain generators of Irr(H/K), then the pair ((H, K), C) correspond to a primitive central idempotent of F q G. In this case, we also describe the structure of the corresponding simple component of F q G. This result allows us to describe the complete set of primitive central idempotents and the precise Wedderburn decomposition of semisimple finite group algebra of a generalized strongly monomial group (Corollary 2). In section 3, we write a precise algorithm using the theory developed in section 2. In section 4, we illustrate the theory by computing the Wedderburn decomposition of semisimple group algebra F q G for a generalized strongly monomial group G which is not strongly monomial.
Wedderburn decomposition
We begin by recalling the basic terminology related to Shoda pairs, strong Shoda pairs and generalized strong Shoda pairs. A pair (H, K) of subgroups of G is called a Shoda pair of G (see [16] , Chapter 3) if the following conditions hold:
(ii) if g ∈ G and [H, g] ∩ H ⊆ K, then g ∈ H.
For a Shoda pair (H, K) of G, recall the following standard notations:
where L runs over the normal subgroups of H minimal with respect to the property of including K properly, and e(G, H, K) := the sum of all the distinct G-conjugates of ε(H, K).
A Shoda pair (H, K) of G is called a strong Shoda pair of G (see [16] , Chapter 3) if the following conditions hold:
(ii) the distinct G-conjugates of ε(H, K) are mutually orthogonal.
More generally, a Shoda pair (H, K) of G is called a generalized strong Shoda pair of G (see [6] ), if there is a chain H = H 0 ≤ H 1 ≤ · · · ≤ H n = G of subgroups of G (called strong inductive chain from H to G) such that the following conditions hold for all 0 ≤ i < n:
where
Let (H, K) be a Shoda pair of G and let G. For details on strongly monomial groups and generalized strongly monomial groups, we refer to [6] and [18] .
Given a Shoda pair (H, K) of G, Irr(H/K) denotes the set of irreducible characters on H/K over F q , the algebraic closure of F q . If k = [H : K] and ξ k is a primitive kth root of unity in F q , then there is a natural action of Gal(F q (ξ k )/F q ) on Irr(H/K) by composition. The orbits of Irr(H/K) under this action are called q-cyclotomic classes. Denote by C q (H/K) those q-cyclotomic classes which contain generators of Irr(H/K). If C ∈ C q (H/K) and χ ∈ C, set:
If ψ is a character of a subgroup H of G and x ∈ G, then ψ x is a character of
We recall the following theorem due to Broche and del Río [10] :
Theorem. ( [10] , Theorem 7) Let G be a finite group and F q be a finite field with q elements such that F q G is semisimple.
1 Let (H, K) be a strong Shoda pair of G and C ∈ C q (H/K). Then e C (G, H, K) is a primitive central idempotent of F q G and 
The above theorem raises the following natural question: 
C (H, K), and finally
Denote the final step ε (n) C (H, K) by e C (G, H, K). Apparently, one thinks that the definition of e C (G, H, K) depends on strong inductive chain from H to G. However, we will see that this is not the case, i.e., the final step e C (G, H, K) is invariant of strong inductive chain from H to G (see Remark 1). Observe that if (H, K) is a strong Shoda pair of G, then e C (G, H, K) = e C (G, H, K) on taking strong inductive chain: H ≤ G. Theorem 1. Let F q be a finite field of order q and G a finite group of order coprime to q. Let (H, K) be a generalized strong Shoda pair of G and 
, o is the mul-
, it follows immediately that the construction of e C (G, H, K) is independent of strong inductive chain from H to G.
Lemma 1. If (H, K) is a Shoda pair of a finite group G and λ is an
Proof. This follows from Corollary 45.4 of [12] .
Lemma 2. Let S be a subgroup of a finite group G and ψ an F q -irreducible character on S such that ψ G is irreducible, then there exists α ∈ F q such that
are mutually orthogonal and in this case,
Proof. The proof is analogous to that of ( [6] , Lemma 3, Proposition 2(i)).
Throughout the rest of the paper, (H, K) is a generalized strong Shoda pair of G and
Let p be the prime divisor of q and let Z (p) denote the localization of Z at p. Then F p can be identified with the residue field of Z (p) . Consider the natural ring homomorphism from Z (p) onto F p and extend it linearly from
Denote by α, the image of α ∈ Z (p) G under the above epimorphism. By ( [6] , Lemma 3), it follows that
Proof. By renaming e i 's, we may assume that k = 1. On multiplying the equation ε (i) (H, K) = e 1 + · · · + e l with e 1 , we obtain that
where m is the number of e j 's that are equal to e 1 . Note that the characteristic of
Conjugating eqn (1) by g, we have
Since
we get from eqns (1) and (2) that e 1 e g 1 = 0. This gives that Cen H i+1 (e 1 ) is a subgroup of Cen H i+1 (ε (i) (H, K)), which proves (i).
The normality of
to prove (iii), we only need to show that e 1 e
then e 1 and e g 1 are distinct primitive central idempotents of
Hence, the lemma is proved.
representatives under this action for all 1 ≤ i ≤ n. Furthermore, as a consequence, the following statements hold for all 0 ≤ i ≤ n:
Proof. We will prove the result by induction on i.
C (H, K) = ε C (H, K) and the result follows from ( [10] , Corollary 3, Lemma 6).
Assume that the result is true for i = k, where 0 ≤ k < n. We'll prove the result
also distinct primitive central idempotents of F q H k . But a central idempotent can be uniquely written as a sum of primitive central idempotents, therefore
This gives an action of Cen
} is a set of representatives of distinct orbits. For any C ∈ R k+1 , let E C be the stabilizer of ε
This proves (i) for i = k + 1. Next, we prove (ii) for i = k + 1. Consider any C ∈ R k+1 and an arbitrary λ ∈ C. By Lemma 1, λ H k+1 is irreducible and by Lemma 2,
C (H, K). Also, by induction, both (i) and (ii) hold for i = k, so we obtain using Lemma 3 that the distinct H k+1 -conjugates of ε (k) C (H, K) are mutually orthogonal and thus, by Lemma 2, α = 1. This gives that e Fq (λ H k+1 ) equals the sum of all the distinct H k+1 -conjugates of
tents, it follows that m = 1. This proves (ii) for i = k + 1 and hence completes the proof. Corollary 1. For every C ∈ C q (H/K) and for every i, 0 ≤ i ≤ n, there exists
(H, K) and consequently, the following properties hold:
Proof. We assert by induction on i that for every C ∈ C q (H/K), there exists
The result trivially holds true for i = 0, as R 0 = C q (H/K). Suppose that the result is true for i = k. Hence there is a
Recall from Proposition 1 that {ε
g , which is same as the sum of all H k+1 -conjugates of ε
(H, K), as desired. This proves the assertion. Furthermore, (i) and (ii) hold using Proposition 1 and Lemma 3. Moreover, in view of (ii), the repeated application of Lemma 2 yields that ε
Denote by R * σ τ G, the crossed product of the group G over the ring R with action σ and twisting τ ( for details on crossed product, see ([16] , Chapter 2)).
Proposition 2.
The following statements hold for all C ∈ C q (H/K) and 0 ≤ i < n:
where the action
C (H, K) induced by the fixed inverse image x of x under the natural map C i → C i /H i and the twisting τ i :
Proof. Let C ∈ C q (H/K) and 0 ≤ i < n. Consider an arbitrary λ ∈ C. (i) In view of Corollary 1, e Fq (λ
(H, K) and the distinct H i+1 -conjugates of e Fq (λ H i ) are mutually orthogonal. Hence, by taking S = H i , G = H i+1 and ψ = λ H i in Lemma 2, we get
This proves (i).
(ii) In view of Corollary 1, we have H i C i . Therefore, (ii) follows.
In particular,
Let ρ i be the representation of H i affording the character λ H i . Extending ρ i linearly on F q H i and applying on eqn (4), we get
Since ρ i is a ring homomorphism and ρ i (ε
C (H, K)) is the identity matrix, we obtain ρ i (xhx
On taking trace,
Thus x belongs to the inertia group of λ H i in C i . Since H i C i and λ C i is irreducible, it follows from Mackey's irreducibility criterion that x ∈ H i , i.e., x is identity.
C (H, K)) by conjugation. All we need to see is that the action is faithful. Let x ∈ C i /H i be such that
Consider an arbitrary h ∈ H i . Let T be a right transversal of Cen H i (h) in H i .
Observe that g∈T h g commutes with all the elements of H i and hence it belongs
C (H, K)). Thus, from eqn (5),
Let ρ i be the representation afforded by λ
On taking trace, it follows that (λ
. This is true for all h ∈ H i .
Hence x belongs to the inertia group of λ H i in C i , which gives x ∈ H i and hence x is identity.
Proof of Theorem 1. From Corollary 1, e Fq (λ
., e C (G, H, K). This proves (i). We now proceed to prove (ii). We will show that the following holds for all 1 ≤ i ≤ n:
. Then (ii) follows from eqn (6) by taking i = n.
To prove eqn (6), we will induct on i. For i = 1, the result follows from Theorem 7 of [10] , as (H, K) is a strong Shoda pair of H 1 and ε
Suppose that the result is true for i = k, where 1 ≤ k < n, i.e.,
Using Proposition 2,
C (H, K) is a simple ring and, by Proposition 2, (σ k ) x is not an inner automorphism of F q H k ε (k) C (H, K) for every non identity x ∈ C k /H k , it follows from Lemma 2.6.1 of [16] 
The faithful action of
From eqn (7),
On comparing the dimension of (8) and (9), we get [H k+1 :
as desired. This completes the proof of the theorem.
Given a generalized strong Shoda pair (H, K) of G, we denote by R (H,K) , the subset R n of C q (H/K) obtained in Proposition 1.
Corollary 2. If G is a generalized strongly monomial group and S is a complete and irredundant set of generalized strong Shoda pairs of G, then
is the complete and irredundant set of primitive central idempotents of F q G;
Proof. (i) In view of ( [6] , Lemma 3), e(G, H, K) is a primitive central idempotent of QG for every (H, K) ∈ S and consequently, {e(G, H, K) | (H, K) ∈ S} is the complete and irredundant set of primitive central idempotents of QG. Hence, by taking i = n in Proposition 1(i), we have
Thus, to prove (i) it is enough to show that the primitive central idempotents on the right hand side of eqn (10) 
(ii) From (i), it follows that
and by Theorem 1(ii),
). This proves (ii) and completes the proof.
An algorithm
The theory developed in the previous section provides an algorithmic method to write a complete and irredundant set of primitive central idempotents and the precise Wedderburn decomposition of a generalized strongly monomial group. For this purpose, the following steps are to be followed:
Step I Write a complete and irredundant set S of generalized strong Shoda pairs of G.
Step II For every (H, K) ∈ S, determine R (H,K) using the following steps:
Continue the above process for n steps. Finally, we obtain R n which is the desired R (H,K) .
Step III After finding R (H,K) for every (H, K) ∈ S, one can write primitive central idempotents and Wedderburn decomposition of F q G using Corollary 2.
An Example
Let us now illustrate the above algorithm for G = SmallGroup(1000, 86) in GAP library. Let F q be a finite field with q coprime to 2 and 5 so that F q G is a semisimple group algebra. The group G is generated by x i , 1 ≤ i ≤ 6, with the following defining relations: In [5] , we have already pointed out that G belongs to the class C. The class C consists of all finite groups in which each subgroup and each quotient group of subgroup has a non central abelian normal subgroup. Also, in Theorem 1 of [6] , we have shown that all the groups in class C are generalized strongly monomial. Consequently, G is a generalized strongly monomial group. It is also known that G is not strongly monomial (see [16] , Example 3.4.6). Now we proceed to determine the Wedderburn decomposition of F q G.
The first step is to write a complete and irredundant set of generalized strong Shoda pairs of G. In ( [5] , Section 7), we have seen that The first four Shoda pairs in S are strong Shoda pairs of G and satisfy that
then R (H,K) coincides with C q (H/K). Now we compute C q (H/K) for these pairs. Clearly, C q (G/G) contains only the q-cyclotomic class of the principal character on G and so there is only one simple component of F q G corresponding to (G, G) which is isomorphic to F q . For (H, K) = (G, x 2 , x 3 , x 4 , x 5 , x 6 ), the factor group H/K is cyclic of order 2 generated by Kx 1 and hence there is only one F q irreducible character on H/K, namely σ : H/K → F q given by Kx 1 → ξ 2 . Hence C q (H/K) has only one q-cyclotomic class. Consequently, corresponding to (G, x 2 , x 3 , x 4 , x 5 , x 6 ), there is precisely one simple component of F q G isomorphic to F q (ξ 2 ), i.e., F q . Next, for (H, K) = (G, x 3 , x 4 , x 5 , x 6 ), H/K is cyclic of order 4 generated by Kx 1 .
There are two faithful F q irreducible characters namely σ and σ 3 on H/K, where σ sends Kx 1 to ξ 4 . Observe that both σ and σ 3 lie in different q-cyclotomic class if q ≡ 1(mod 4), and lie in the same q-cyclotomic class if q ≡ 1(mod 4). Thus, corresponding to (G, x 3 , x 4 , x 5 , x 6 ), there are two simple components of F q G (both isomorphic to F q (ξ 4 ), i.e., F q ) if q ≡ 1 mod 4, and only one simple component (iso- 
Therefore, corresponding to (G, x 4 , x 5 , x 6 ), there are 4 simple components of F q G (all isomorphic to F q ) if q ≡ 1(mod 8), and two simple components of F q G (both isomorphic to F q 2 ) if q ≡ 1(mod 8).
The next three Shoda pairs, i.e., ( x 4 , x 5 , x 6 , x 4 , x 6 ), ( x 4 , x 5 , x 6 , x 5 , x 6 ) and ( x 4 , x 5 , x 6 , x −1 4 x 5 , x 6 ) are also strong Shoda pairs of G. Consider (H, K) = ( x 4 , x 5 , x 6 , x 4 , x 6 ). The factor group H/K is cyclic of order 5 generated by Kx 5 and
It can be seen that are not strong Shoda pairs of G. Let us now compute R (H,K) for these two pairs. 6 , is a strong inductive chain from H to G. The factor group H/K is cyclic of order 5 generated by Kx 6 . Consider σ : H/K → F q given by Kx 6 → ξ 5 . We have
Since N H 1 (K) = H, the action of N H 1 (K) on C q (H/K) is trivial and so R 1 = C q (H/K). The next step is to compute R 2 , which is the desired R (H,K) . Recall from the algorithm that {ε Cσ (H, K). Since G/H 1 is cyclic of order 4 generated by H 1 x 1 and x 2 1 = x 2 , it follows that Cen G (ε (1) Cσ (H, K)) = H 1 and so the orbit of ε Cσ (H, K))] = 2. Therefore, the orbit of ε Cσ (H, K) has two elements, namely ε {C σ , C σ 3 }, if q ≡ 9(mod 10).
Similar arguments as in the above case yield that, in all the cases of q, there corresponds only one simple component of F q G isomorphic to M 20 (F q ).
Finally, summing up the above computations, we derive the following Wedderburn decomposition of F q G:
, if q ≡ 1(mod 8); (2) , if q ≡ 3 or 7(mod 8); (2) , if q ≡ 5(mod 8).
Here, R (n) denotes the sum of n copies of R.
